We investigate the connection between the bubble-resummation and critical-point methods for computing the β-functions in the limit of large number of flavours, N , and show that these can provide complementary information. While the methods are equivalent for single-coupling theories, for multi-coupling case the standard critical exponents are only sensitive to a combination of the independent pieces entering the β-functions, so that additional input or direct computation are needed to decipher this missing information. In particular, we evaluate the β-function for the quartic coupling in the Gross-Neveu-Yukawa model, thereby completing the full system at O(1/N ). The corresponding critical exponents would imply a shrinking radius of convergence when O(1/N 2 ) terms are included, but our present result shows that the new singularity is actually present already at O(1/N ), when the full system of β-functions is known.
I. INTRODUCTION
The computation of the RG functions in the limit of large number of flavours, N , has been traditionally divided into two schools: (i) the direct computation of the βfunctions in a fixed space-time dimension resumming specific classes of diagrams in the perturbative expansion around the Gaußian fixed point [1] [2] [3] [4] [5] [6] , and (ii) evaluation of the critical exponents at the Wilson-Fisher fixed point in d dimensions of theories in the same universality class, see e.g. Refs [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and Ref. [22] for a recent review.
In particular for one-coupling systems, the critical-point formalism is very powerful since in this case the β-function can be computed once its slope at criticality is known; these results were recently also used to assess the apparent singularity structure of gauge β-functions [23] . Furthermore, the method is technically more convenient beyond the leading order in 1/N , even though attempts to reconstruct the leading singularity through high-order analysis are ongoing [24] .
Conversely, the bubble-resummation method is more versatile: As we will show, for multi-coupling systems, the knowledge of the critical exponents is not enough to reconstruct the full system of β-functions, and one needs to either input additional information or rely on a direct computation. Furthermore, the bubble-resummation method has recently been used to compute other quantities beyond the various RG functions, like conformal anomaly coefficients at large-N [25] .
The purpose of this paper is to compare these two methods and to show that they can provide complementary information. We will first consider a generic onecoupling system, and provide a dictionary between these two methods; see e.g. Ref. [26] for a similar attempt in the context of Wess-Zumino model, Ref. [27] for 2D non-linear sigma models in a string theory context and Ref. [22] for the general O(1/N ) result. As a prime example, we will consider the Gross-Neveu (GN) model, whose critical exponents have been extensively studied; see e.g. Refs [13, 16, 18, 19] . In particular, the slope of the β-function is known at O(1/N 2 ). We will extract the explicit β-function up to this order and comment on the possibility of an IR fixed point for two-dimensional GN model [28, 29] , which turns out to be disfavoured.
Secondly, we will explicitly show the complementarity of the two methods in the context of a two-coupling system, namely the Gross-Neveu-Yukawa (GNY) model, where we were able to compute the full coupled system of βfunctions at O(1/N ) completing the results of Ref. [5] . For the GNY model, the critical exponents are also known up to O(1/N 2 ) [20, 21] . We will use these as an input to derive consistency conditions for the β-functions and gain information regarding the location of the poles at different orders in the expansion. Although the O(1/N 2 ) result implies an appearance of a new singularity with respect to the O(1/N ) critical exponents, we will show that this apparent new singularity is actually already present at O(1/N ) once the full system β-functions is known, and the disappearance in the critical exponent is due to a subtle cancellation of different contributions.
The paper is organised as follows: In Sec. II we review the connection of the two methods in the one-coupling system and study the GN model in two dimensions as a concrete example. In Sec. III we compute the full coupled system of β-functions for GNY model up to O(1/N ) and relate our result to the known critical exponents. In addition, we provide the O(1/N ) contributions to the perturbative β-functions up to six-loop order. In Sec. IV we provide our conclusions. Finally, in Appendix A we give the corresponding relation between the β-functions and the critical exponents in the GNY model at O(1/N 2 ).
II. ONE-COUPLING MODEL
In this section, we discuss the general ansatz for the β-function in the large-N expansion for any system with one coupling, g. Our goal is to derive a general form for the β-function once the critical exponent ω = β (g c ), where g c is the coupling at the Wilson-Fisher fixed point, arXiv:1904.05751v1 [hep-th] 11 Apr 2019 is known. We define 1
while the ansatz for the β-function is:
where d is the dimension of the space-time, d c the critical dimension of the coupling g, b and c are model-dependent one-loop coefficients, and F n are resummed functions satisfying F n (0) = 0.
Requiring β(g c ) = 0, we find an implicit expression for the critical coupling:
The slope of the β-function at criticality can then be expanded in 1/N to yield
Using Eqs (1) and (4), we can relate the functions F n to ω n . To obtain the result in a closed form, it is necessary to compute g c order by order in 1/N according to Eq. (3). This, in turn, enters the argument of the functions F n , which then need to be Taylor-expanded to include all the relevant contributions. In the following, we will give explicitly the first two orders. At O(1/N ), we obtain
which, defining t ≡ (d c − d)/b, results in
At O(1/N 2 ), the expansion of Eq. (4) gives
Note that the critical exponent ω 1 contributes to the βfunction also beyond O(1/N ) through F 1 and its derivates, as can be seen explicitly in Eq. (7) . The same structure is found at higher orders: F n receives contributions from ω n−1 , . . . , ω 1 -or, equivalently, from F n−1 , . . . , F 1 -and their derivatives, together with a pure ω n -term as in the last line of Eq. (7) . Therefore, if F 1 has a singularity say at K = K s , it will propagate to F n with a stronger degree of divergence up to the n-th derivative of F 1 . This confirms the expectation that the singular structure of the higher-order F n functions contain all the singularities of the lower ones, together with new possible singularities brought in by the pure ω n -contribution. On the other hand, the fact that the illustrative singularity at K = K s would appear at any order in the 1/N -expansion suggests that a resummation could exist such that the β-function is regular at K s .
The possibility of an IR fixed point in the GN model in 2 + dimensions was recently studied [29] using the perturbative four-loop result [30] with Padé approximants. On the other hand, the presence of an IR fixed point in the large-N limit has already been excluded taking the O(1/N ) contributions into account [28] . In this section, we extend the analysis to O(1/N 2 ) by using the results of the previous section and the known results for the critical exponent, λ(d),
which is currently known up to O(1/N 2 ) [18] . The O(1/N ) coefficient is explicitly given by
while the expression for λ 2 (t) is relatively lengthy and can be explicitly found in Ref. [18] . Referring to Eq. (2), the GN model is characterized by d c = 2, b = −1 and c = 2. However, we modify the ansatz of Eq. (2) to implement the fact that for N = 2 the GN model is equivalent to the abelian Thirring model [31] , and thus the β-function identically vanishes [32, 33] :
whereF
The functionsF 1,2 are related to F 1,2 of the standard ansatz (2) asF so that the two ansätze coincide at O(1/N 2 ). On the other hand, the β-function for the GN model is known perturbatively up to four-loop level [30] :
We find that the improved ansatz, Eq. (10), reproduces some of the 1/N 3 terms, in particular providing the correct three-loop coefficient.
Furthermore, the prediction for the leading orders in N based on Eqs (11) and (12) for the five-loop β-function is
We show the β-function of Eq. (10) truncated to O(1/N ), β 1/N , and to O(1/N 2 ), β 1/N 2 , along with the four-loop perturbative result in Fig. 1 as a function of the rescaled coupling K = gN for N = 10, 15. We conclude that there is no clear hint for the IR fixed point in the region where the perturbative series is under control.
To conclude the section, let us comment on the radius of convergence of the GN β-function at large N . The β-function does not have any singularities for positive couplings, although the resummed functions get contributions from graphs that grow polynomially with the loop order. Therefore, one expects to find a finite radius of convergence, similarly as in e.g. QED [2] . In the present case, the singularities do appear, but at negative coupling values so that the radius of convergence in the complex plane is indeed finite; this is related to the fact that the Wilson-Fisher fixed point exists above the critical dimension. For positive coupling values this translates to a regular, though wildly oscillatory, behaviour. 
III. TWO-COUPLING CASE: GROSS-NEVEU-YUKAWA MODEL

A. Setup
The GNY model is the bosonised GN model with the scalar promoted to dynamical degree of freedom. It describes N massless fermion flavours, ψ, coupling to a massless real scalar, φ, via Yukawa interaction
The critical dimension of the Yukawa interaction is d c = 4, and we will work in d = 4 − dimensions and MS renormalisation scheme. We follow the notations of Refs [35, 36] in order to provide for a straight-forward comparison with the perturbative result and define rescaled couplings 3
B. The β-functions from the critical exponents
The critical exponents, ω ± , for the GNY model were recently computed up to 1/N 2 [20, 21] , and on the other hand, they are known perturbatively up to four-loop level [35, 36] . The computation for the Yukawa β-function using bubble-resummation method was carried out up to O(1/N ) in Ref. [5] .
The Yukawa β-function at O(1/N ) depends only on the Yukawa coupling, y:
Conversely, the β-function for the quartic coupling, λ, at
According to Eqs (19) and (20), the coupled system of β-functions at O(1/N ) contains four unknown functions, namely F 1 , F 2 , F 3 and F 4 . We can constrain F 1−4 exploiting the knowledge of the critical exponents, ω ± , by first determining the critical couplings such that β y,λ = 0. From the first equation, using d − d c = − , we find
and from the second
where we have taken the positive solution for λ c and defined
Up to leading order in 1/N , we have
Since ∂βy ∂λ ≡ 0, the eigenvalues of the Jacobian, ω ∓ , directly correspond to ∂βy ∂y and ∂β λ ∂λ at criticality, respectively. Explicitly,
and
For simplicity, we denoteω
± (4 − ) in the following. Equation (25) yields
whereas Eq. (26) gives
As we can see from Eq. (28), β λ cannot be computed with the knowledge of ω ± , since only the combination F 3 + F 4 can be accessed. In particular, F 2 is fully unconstrained. This shows that the critical exponents encoding the slope of the β-function can fully determine the β-function only for single-coupling theory, while for multi-coupling theory they are sensitive only to certain combinations. Therefore, either more information is input or one needs to rely on a direct computation to get β λ in a closed form. Nevertheless, the knowledge of ω ± can be used to obtain independent cross-checks and gain information regarding the radius of convergence of the 1/N expansion. The explicit formulae forω (1) ∓ are [20, 21] ω (1)
We show the critical exponentsω 
C. Bubble resummation
The knowledge of the critical exponent ω − at O(1/N ) is enough to obtain the explicit form of β y in Eq. (19) at the same order in 1/N . This is not the case for β λ in Eq. (20) , as the information contained in ω + can only constrain a combinations of F 1 , F 3 and F 4 , see Eq. (28) . In order to obtain β λ at the order 1/N , we have thus to rely on explicit bubble resummation.
The β-function for λ is obtained by acting with derivates on the 1PI vertex counterterm, Z λ , and on the scalar self-energy counterterm, Z S . The bare coupling, λ 0 , and the renormalized coupling, λ, are related via
and the β-function is ± /N n . The explicit formulae for the O(1/N 2 ) coeffiecients can be found in Ref. [21] .
The self-energy renormalisation constant, Z S , has been computed in Ref. [5] up to O(1/N ), and reads:
where
The coupling-constant renormalisation constant, Z λ , is given by
where K 0 is the rescaled Yukawa coupling, and Λ 0 contains the 1PI contributions to the four-point function.
At the order O(1/N ), we have
The first term corresponds to a basic candy diagram where the Yukawa couplings only enter through the bubble chain.
The second term is the basic one-loop box diagram. The third term is a box diagram with an additional internal scalar propagator. The fourth term is a candy with two different vertices, namely one λ and one effective quartic made of a fermion loop. The last term is a three-loop candy diagram with two fermion loops as effective quartics. The different topologies are shown in Figs 3-6. The p 2 in the arguments refers generically to the IR regulator. We use two IR regulation strategies depending on the subclass of diagrams: For fermion-box type diagrams, we use a convenient choise of non-zero external momenta, and for the scalar-candy-type diagrams we give a non-zero regulating mass for the propagating scalars. The sum of the contributions in each of these subclasses is IR finite, justifying the different regularisations.
After trading the bare couplings with the renormalized couplings,
where Z V,F = 1 + O(1/N ) are the renormalisation constants for the 1PI Yukawa vertex and fermion self-energy, resp., and keeping only term that contribute up to O(1/N ) 4 , we find for Z λ : 
D. F3, F4 and cross-check
We compute here F 3 and F 4 by explicit resummation and cross-check our result with Eq. (28) . Diagrammatically, F 3 corresponds to Fig. 3 , where the internal scalar lines are dressed with fermion bubbles. To obtain its expression, we refer to the first line of Eq. (38) and compute:
After resummation, and keeping only the 1/ pole of T 3 , we find
where l 0 (t) = 9 · 2 4−t Γ 3 2 − t 2 sin πt 
where −36 removes the one-loop contribution.
To compute F 4 , we start from the second line of Eq. (38), which diagrammatically corresponds to Fig. 4 :
where we have introduced
After resummation, and keeping only the 1/ pole of T 4 , we find
Besides Eq. (32) . Altogether, in the convention of Eq. (20) , it is given by
With the results of Eqs (44) and (51) together with Eq. (27), one can check that Eq. (28) is fulfilled. This provides a powerful cross-check for our computation.
E. The function F2
The function F 2 can be computed evaluating the 1/λ terms in the last four lines of Eq. (38), corresponding to the one-loop box diagram, the box diagrams with additional internal scalar propagator in Fig. 5 and to the candy diagrams in Fig. 6 .
Let us start with the box contribution. The counterterms Z V and Z F have been computed up to O(1/N ) in Ref. [5] and read:
The third line in Eq. (38) gives a divergent part
whereZ F,V ≡ Z F,V − 1, and we have defined the finite part of the one-loop box diagram as Λ (1)
The first term in Eq. (53) gives the basic one-loop contribution of the box diagram and will be omitted in the following. Using Eq. (52) and keeping only the 1/ pole of T b1 , we have:
As for the fourth line in Eq. (38), we have
The quantity Λ (m) K allows for the following expansion:
where λ(p 2 , , m) is regular for → 0 and can be written as
Plugging Eqs (57) and (58) in Eq. (56) and using the usual summation formulas, we find for the 1/ pole:
When the 1/ poles of T b1 and T b2 are put together, the p 2 dependence of λ(p 2 , t, 1) cancels. We find the 1/ pole of Z box λ to be
where the function λ 0 (t) is given by
In the convention of Eq. (20),
Let us now compute the contribution of the candy diagrams in Fig. 6 , Z candy λ , arising from the last two lines of Eq. (38). It can be rewritten as where
The structure of C (m) is:
where the function c(p 2 , , m) is regular for → 0 and can be expanded as
The IR regulator, p 2 , stands here for a soft mass for the scalar field. Plugging Eqs (65) and (66) in Eq. (63) yields
where S(n, j) = n i=0 n + 1 i
We find
j even.
(69)
Eq. (69) tells that three functions are relevant: c 0 ( ), c e ( ), and c o ( ),
where the summation over j has been extended to ∞ without affecting the result (namely, finite terms in the → 0 limit), and all the resulting functions are found to be independent of the IR regulator. They read
After performing the sum over n using Eqs (69)-(73), and retaining only the 1/ pole, we arrive at
Combining Eqs (62) and (75), the function F 2 (t) is then
We show the functions F 1 , F 2 , F 3 and F 4 in Fig. 7 . In particular, we notice that functions F 2−4 feature the first singularity at t = 3/2, which is not present in the O(1/N ) critical exponents but shows up at the O(1/N 2 ) level. This singularity gets exactly cancelled in the combination of F 3 and F 4 enteringω 
The functions F1, F2, F3 and F4 given in Eqs (25) , (76), (44), (44), resp. F1 has the first (logarithmic) singularity at t = 5/2, whereas F2−4 show a second-order pole at t = 3/2.
F. Perturbative results
We provide here the expansion of the functions F 1−4 in order to check against the known perturbative results and predict the O(1/N ) terms that would appear up to six-loop order.
Referring to the ansatz for the Yukawa We have checked that the expansions agree with the four-loop perturbative result [36] .
IV. CONCLUSIONS
Our goal in this paper was to compare the criticalpoint and bubble-resummation methods for computing the β-functions in the large-N limit. While for the singlecoupling theories, the methods are equivalent, we have shown that in the multi-coupling case the critical exponents are only sensitive to specific combinations of the different functions entering the β-functions, and direct computations by means of bubble resummations or additional information are needed to decipher this missing information. On the other hand, the critical-point method is more powerful for obtaining results beyond the leading 1/N order, and thereby the two methods can provide complementary information.
However, we envisage that it might be possible to reconstruct the full system of RG functions in a multiple-coupling theory within the critical-point formalism through extraction of the operator-product-expansion (OPE) coefficients. A detailed study of the three-point function Schwinger-Dyson equation would be necessary, from which one could extract the OPE consistently at every order in 1/N in a similar fashion as for the critical exponents.
Concretely, we have presently computed the β-function for the quartic coupling in the GNY model, thereby completing the computation of the full system at O(1/N ) level. While the critical exponents ω ± computed recently up to O(1/N 2 ) imply that the radius of convergence of the critical exponents shrinks from O(1/N ) to O(1/N 2 ), our present result shows that this new pole only appearing in ω (2) ± is actually already present at the O(1/N ) level, when the full system of β-functions is known. We showed that the disappearance of the pole is due to a subtle cancellation between the various resummed function in the computation of the critical exponents.
For the one-coupling case we have briefly revisited the question about the possible IR fixed point of the two-dimensional GN model by studying the O(1/N 2 ) βfunction. This complements the previous studies using the four-loop perturbative results with the help of Padé approximants. We restate that there is no indication of an IR fixed point.
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Appendix A: Gross-Neveu-Yukawa β-functions at 1/N 2
The O(1/N ) ansatz for the GNY β-functions in Eqs (19) and (20) 
where we have introduced seven new unknown functions, F 5−11 , such that F 5−11 (0) = 0. We then compute the Jacobian for (β y , β λ ) and we evaluate it at the Wilson-Fisher fixed point. The eigenvalues are then matched with the critical exponents ω ± . At O(1/N 2 ), we find the following relations: 
Clearly, one needs more input than ω
∓ to obtain F 5−11 . On the other hand, direct computation at O(1/N 2 ) is technically challenging and beyond the scope of this paper.
